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Abstract. We give a partial uniqueness result concerning comparable renor- 
malized solutions of the nonlinear elliptic problem — div(a(a;, Du)) = fj, in 
tt, u = on dQ, where fi is a Radon measure with bounded variation on Q. 



1. Introduction 
Let us consider the nonlinear elliptic problem 

(1) — div( a(x, Du)) = fj, in fi, 

(2) u = on dfl, 

where Q is a bounded open subset of M. N with N > 2, u i— > — div( a(x, Du)) is 
a strictly monotone operator from W^' p (f2) into W~ 1,p ' {£!) and \x is a Radon 
measure with bounded variation on Q. 

In the linear case G. Stampacchia has defined in [T7] the notion of "solution 
by transposition" which insures existence and uniqueness of such a solution. 
If p = 2 and for the nonlinear case, this notion is generalized in [15] and the 
existence and uniqueness of the solution obtained as limit of approximations is 
proved in [15] (see also [2] and, for a class of pseudo-monotone operator [9]). 

If 2 — 1/N < p < N the existence of a solution of ([I])-© in the sense of 
distributions is proved by L. Boccardo and T. Gallouet in [3]. However, using 
the counter example of J. Serrin [TB] it is well known that this solution is not 
unique in general, except in the case p = N for an appropriate choice of the 
space to which the solution belongs (see [H] and [TT]). 

When [i is a function of L 1 (J1) the notions of entropy solution [I], of solution 
obtained as limit of approximations [7] and of renormalized solution (see 
also [H] and pj)]) provide existence and uniqueness results (and these three 
notions are actually equivalent). 

When /i is a Radon measure with bounded variation on f2, G. Dal Maso, 
F. Murat, L. Orsina and A. Prignet have recently introduced in [5] and [6] 
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a notion of renormalized solution of dI])-([2]) which generalizes the three (and 
equivalent) previous ones. The authors prove in [6] the existence of such a 
renormalized solution, a stability result and partial uniqueness results for "com- 
parable" solutions. In particular, under some assumptions on a, if u\ and 112 
are two renormalized solutions of (HI)-© such that u\ — 112 belongs to L°°(f2) 
(this condition is here the precise meaning of the fact that the two solutions 
are comparable), then u\ = U2- The uniqueness of the renormalized solution of 
([I])-© remains an open problem in general and the present paper is devoted 
to weaken this condition. We prove that the condition of being comparable can 
be localized in a neighborhood hi of the set where /U is singular and that it is 
sufficient to assume that (u± — U2)~ (the negative part of u\ — U2) belongs to 
L°°(U). 

The paper is organized as follows: Section 2 is devoted to give the assump- 
tions on the data and to recall the definition of a renormalized solution of (pQ)- 
([2]). In Section 3 (Theorems [5] and [7|) we establish partial uniqueness results 
concerning comparable renormalized solutions of (|T|) — d2|) . 

2. Assumptions and definitions 

Let Q be a bounded open subset of M> N with N > 2, p and p' two real numbers 
such that 1 < p < N and 1/p + 1/p' = 1. We assume that a : Q x R N ^ R N 
is a Caratheodory function (i.e. measurable with respect to x and continuous 
with respect to £) such that 

(3) a (x,0-£>a\Z\ p , 

(4) (a(x,£)-a(x,O)-(£-O>0, 

(5) |a(x,0| <7(^) + ler 1 ) 

for every £, £' (£ ^ £') in and almost everywhere in Q, where 7 > 0, a > 
and b is a nonnegative function lying in L P (Q). 

We denote by A4b(fL) the set of Radon measures on with total bounded 
variation on f2 and by A4o(£l) the set of measures of Ad^Tl) that are absolutely 
continuous with respect to the p-capacity (i.e. fi G M.b(Q) and (i{E) = 
for every Borel set E such that cap p (£', O) = 0). For K > we define as 
Tk(t) = max(— K, mm(K, r)) the truncation function at height ±K. If A is a 
measurable set we denote by 1a the characteristic function of A. 

We recall now a decomposition result of the Radon measures (see [1] and 
[10] ) and the definition of the gradient of a function whose truncates belong to 
W ' p (£l) (see [I] Lemma 2.1 and [13]) which are needed to define (following |6j) 
a renormalized solution of ([I])-©. 

Proposition 1. ([4| and [10]) Let \x be an element of A / t&(f2). There exists two 
functions f G L 1 (r2), g G (£^'(0))^, two nonnegative measures in M.b(P>), A + 
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and A - , which are concentrated respectively on two disjoint Borel sets E + and 
E~ of zero p-capacity such that 

p = f - divfo) + A+ - A". 

Moreover, if po denotes f — div(g) then po E M b {Jl) and the decomposition 
p = po + A + — A~ is unique. 



Definition 2. (pQ and |13| ) Let a be a measurable function defined from Q 
into R which is finite almost everywhere in Q. Assume that Tk(u) € W ' p (f2) 
\fK > 0. Then there exists a unique measurable function v : S7 i — > such 
that 

\/K > 0, DTk(u) = t{\ u \ <K yv a.e. in 0. 
This function v is called the gradient of u and is denoted by Du. 

Following [BJ we are now in a position to recall the definition of renormalized 
solution. 

Definition 3. ([BJ) Let p be an element of A4&(0) and p = f — div(g) + A + — \~ 
the decomposition given by Proposition [U A function u defined from Q into R 
is a renormalized solution of ([I])-© if 

(6) u is measurable and finite almost everywhere in Q and Tk(u) G WQ' p (f2) 
Vif > 0; 

(7) |£H P ~ 1 € L 9 (Q) Vg < A 



N - V 



(8) G W 1,p (O) n L°°(Q) such that 3ET > and two functions and 
w~°° lying in PF 1 ' r (J2) n with r > N and 

{«; = w +oc on {x ; > K}, 

w = w~°° on {x ; u(x) < —if}, 

we have 

(9) / a(x, Du) ■ Dw dx = / fwdx+ / g-Dwdx 
Jn Jn Jn 

+ / ™+°°dA + - / w-°°d\-. 
Jn Jn 

It is proved in [BJ that if a verifies and © then for any element p 

belonging to Mb(Q) there exists at least a renormalized solution of ((T])-©. 

Remark 4. Every function w G C£°(fi) is an admissible test function in ([9]) 
and then any renormalized solution of ([I])-© is also solution in the sense of 
distributions. 
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Furthermore if tp e W 1,r (Q) n L°°(Q) with r > N then we have 

(10) lim - / a(x,Du) ■ Drnpdx = [ fd\ + + [ ipd\~. 

n-^+oo n J{\ u \ <n } Jn Jn 

This property (see [6] for more details on the properties of renormalized solu- 
tions) is obtained by using the admissible test function w = ^T n (u)ip in (j^J) and 
by passing to the limit as n goes to infinity. 



3. Uniqueness of comparable solutions 



In [6] the authors prove under assumptions (|3J) and (jlj), the strong mono- 
tonicity of a and the local Lipschitz continuity, or the Holder continuity, with 
respect to £, i.e. a verifies 



(11) 



>(*,0-a(*,0)-(£-0 

>(x,0-a(z,O)-(£-O>~ """"" 



ft- 



+ le'l) 



2-p 



if p > 2 
if p < 2, 



(12) 



a(x,0-a(x,O| <j{b(x) + \Z\ + \£\) P 2 |6>£'| ifp>2, 



a(x,0-a(x,O| <7ie-er _1 



if p < 2, 



for every £, £' G R and almost everywhere in O, where 7 > and 6 is a 
nonnegative function in L P (Q), that if two renormalized solutions u\ and U2 
of ((T])-© (relative to the same element \i € A4b(Q)) satisfy the condition of 
being comparable, in the sense that u\ — 112 € L°°(£l), then u\ = u?,. In 
Theorem [7] below we weaken this condition; if there exists an open neighborhood 
U of E = E + U E~ where E + and E~ are given by Proposition [T] such that 
(til — U2)~ G L°°(U), then ui = U2. This result is a consequence of the following 
theorem. 

Theorem 5. Assume that PP, |5]) and i li2|) hoid true. Let \i be an element 
of A4b(£l) and let E = E + L)E~ where E + and E~ are the two disjoint Borel sets 
of zero p-capacity given by Proposition [H Let ui and U2 be two renormalized 
solutions of (HP-([2P with fi as right-hand side. If moreover there exists an open 
set IA such that 



(13) 



(14) VK > lim . , 

n{|«i|<n, |m2|<"} 



\D Ul - Du 2 \ p dx = 0, 



then u\ = U2- 
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Remark 6. Using the following property for every m E N* 
{[till < 2 m , |u 2 | < 2 m } C{M < 1, \u 2 \ < 1} 

m— 1 

U [j {2 k <\ Ul \< 2 k+ \ \u 2 \ < 2 k+1 } 



k=0 

i-1 

u 

k=0 



|J {2 k < \u 2 \ <2 k+ \ \ Ul \<2 k+1 }, 



a Cesaro argument and the fact that Ti(u±) and Ti(u 2 ) belong to Wq' p (Q), the 
condition (|14p is equivalent to 



lim — I / , , , r „ I Du\ — Du 2 \ p dx 

n^+oo n \J Un{ Ul -u 2 <K} 1 
n{n<|Mi|<2n, |it2|<2n} 



+ / , r „ \Du x - Du 2 \ p dx = 0, 

J Un{u!-U2<K} I 1 Zl ' 

n{|«i|<2n, ra<|u 2 |<2n} 

for all K > 0. Notice that the condition above with U = Q, and K = +oo (so 
that U fl {u\ — u 2 < K} = 0) is the one given in [6] (Theorem 10.3). 

Theorem 7. Assume that (0), Jl|), (0), {HP and hold true. Let \i be 
an element of Aib(£l) and let E = E + U E~ where E + and E~ are the two 
disjoint Borel sets of zero p-capacity given by Proposition [IJ Let u\ and u 2 be 
two renormalized solutions of (HP-|2|) with /i as right-hand side. If moreover 
there exists an open set U such that E C U and (u\ — u 2 )~ E L°°(U) (or 
(ui - u 2 ) + E L°°(U) ), then u\ = u 2 . 

Proof of Theorem^ Using PropositionfH let / E L 1 ^), g E (U>' (Q)) N , A+ and 
A - two nonnegative measures of A4b(Q) which are concentrated on two disjoint 
subsets E + and E~ of zero p-capacity such that u. = f — div(g) + A + — A - . Since 
cap p (E + ,ft) = and E + C U C ft we have (see [12]) cap p (E + ,U) = (and 
also cap p (E~ ,U) = 0). Thus, following the construction of the cut-off functions 
in 0, we define for all 5 > two functions, ipg and tpj , lying in C^°(U) such 
that 

(15) < ipf < 1, < ipj < 1 onW, 

(16) supp(V^) n supp(^) = 0, 

(17) / ^d\ + <5, [ ij+d\- <5, 



(18) / (l-^ + )dA+<<5, /(l-^)dA"<5. 

Jn Jn 

Since U C fl, we define ipt = ^7 = on f2\ZY so that we have ipt , ip7 E C£°(f2). 
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For any n G N* let h n be the function defined by h n (r) = (n — T+(\r\ — n)) jn 
Mr € R. 

Let K > be fixed, n G N* and 5 > 0. Since the function h n belongs to 
Ty 1,00 (R) while supp(/i n ) = [— 2n, 2n] is compact, from the regularity of -ui and 
i±2 we obtain that the function h n (ui)h n (u2){TK{ui — u 2 ) — K(ipg +ipj)) lies in 
Wq' p (Q) fl L°°(f2) and is equal to zero on the set {x ; > 2n} for i = 1,2. 

Therefore setting Wk = Tk{u\ — u 2 ) the function h n {ui)h n {u2) (Wk — K(ipf + 
iftj)) is an admissible test function on both equations ([T]) written for u\ and 
U2, relative to ([9]) of Definition El Subtracting the resulting equalities gives 

(A) / h n ( Ul )h n (u 2 )(a(D Ul ) - a(D« 2 )) • (DW K - KD(ip+ - ^))dx 
Jn 

(B) + I h' n ( Ul )h n (u2){si(D Ul ) - a(D« 2 )) • D Ul (W K - K{$$ + fj>J)) dx 

Jn 

(C) +/ h' n (u2)h n ( Ul )(8i(D Ul ) - 8l(D U2 )) ■D U 2{W K -K(^+ + ^))dx 



n 



= 

In order to study the behavior of the terms above as n goes to infinity and 5 
goes to zero, [A] and |B] are split into A\ + A2 and Bi + B2 respectively, where 

Ai = / h n (ui)h n {u2) ( a(x, Du{) - a(x, Du 2 )) ■ DT K (u\ - u 2 ) dx, 
Jn 

A 2 = -K I h n (ui)h n (u 2 ) ( a(x, Dux) - a(x, Du 2 )) ■ (Dipj + Dipj) dx, 
Jn 

Bi = / h' n (ui)h n (u 2 )(a(x,Dui) - a(x,Du 2 )) ■ DuiW K {\ - ipf - rpj)dx, 
Jn 

B 2 = / h' n ( Ul )h n (u2){a(x,D Ul ) -a(x,Du 2 )) ■ D Ul (W K - K){^} + ^)dx. 
Jn 

From ([5]) and ([7]) it follows that a{x,Du{) belongs in particular to L 1 ^) for 
i = 1, 2 and then [a(x, Du\) — a(x,Du 2 )) ■ (Dtpf + Dipj) belongs to L 1 (fi). 
Since h n {u\)h n {u2) converges to 1 almost everywhere as n tends to infinity and 
is uniformly bounded, Lebesgue Theorem leads to 

lim A 2 = -K (a(x,Dux)-a(x,Du 2 )) ■ (Dipt + Dib7)dx. 

Recalling that u\ and u 2 are also solution of (pD)-© in the sense of distributions 
and since ipg, ipj £ C^°(Q), we obtain that 



(19) 



lim A 2 = 0. 

71— »+oo 



REMARKS ON THE UNIQUENESS OF COMPARABLE SOLUTIONS 



7 



Due to the definition of ipt and ip s we have 1 > 1 — if)g — ip s > 0. Thus 
Assumption ([5]) and Young's inequality lead to 



\Bi\<-( f \D Ul \ p (l-^+ -^J)dx 

n \J{\ Ul \<2n} 



+ 



f \Du 2 \ p (l -i/>t- ^T) dx +1 hPdx ) 

J{\u 2 \<2n} JO, J 



and ([3|) gives 



(20) |Bi|<-(/ a(ar,D«i)-Z>wi(l-^-^)da: 

U W{|«i|<2n} 

/ a(x,Du 2 )-Du 2 (l-ip+ -^)dx + I ' V dx) 

J{\u 2 \<2n} JQ J 



+ 



where C is a generic constant independent of n and 5. Since 1 — ipt — tp s G 
C°°(f2), using the property (jlOf) of renormalized solutions we get for i = 1, 2 



lim -!- / a(x, Dm) ■ Dui(l - i/jf - ip s ) dx = 

n->+oo 2n y { | Ul |<2n} 

/ (1 - ^+ - dA+ + f(l-i;+- dA" 

from which it follows, using (fTTl) . ([15]) and (|20|) and since 6 £ L p (f2), 

hm |Bi| < Ctf, 



n — ' + oo 



and then 

(21) lim hm |Bi| = 0. 
Let be the set defined by 

(22) U n>K = UH{\u 1 \ < 2n}n{|u 2 | < 2n} n {ut - u 2 < K}. 

Because < K—Tk{u\ —u 2 ) < 2K1r ul _ U2<K \ (recall that Wk = Tk{u\ —u 2 )), 
from the definition of the cut-off functions ifig and if) J we obtain 

2K f 

IB2I < / I a(x, Dui) — a(x, Du 2 )\ \Du\\ dx. 

n Jvu K 
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Using Holder inequalities together with ([5]) permits us to deduce that if p > 2 
then 

|B 2 | < CK I - * 



( - [ \Dui - Du 2 \ p dx) 
\ n Ju n , K ' J 



and if p < 2 then 
|B 2 | < CK 



v JUn - K I \ n{|« ; 




In both cases, property (fTUj) (with 95 = 1) and (fT4"|) lead to 



VJ>0 lim |B 2 |=0. 



From ([21]) it follows that 



(23) lim lim |Bj = and lim lim |C| = (by symmetry). 

From (fTUj) and (f2"3j) we then have lim^o hm n ^ +00 Ai = 0. Since h n (u\)h n (u 2 ) 
is nonnegative and converges to 1 almost everywhere in the monotone char- 
acter of the operator a and Fatou lemma imply that for all K > 

/ ( a(x, Du\) — a(x, Du 2 )) • {Du\ — Du^) dx = 0, 

J {|«i— u 2 \<K} 

and from Q we can conclude that u\ = u 2 . □ 



Proof of Theorem [7] It is sufficient to show that (|14[) holds true and to use 
Theorem [5j We assume that {u\ — u 2 )~ belongs to L°°(U). 

According to the properties of the difference of two renormalized solutions 
(see [6]) we have for all K > 

(24) / ( a(sG, Du\) — a(x, Du 2 )) • {Du\ — Du^) dx < CK, 

J U2\<K} 

where C is a constant independent of K. 

Let M be a real number such that M > \\{u\ — u 2 )~ ||l°°(w) an d let K > 0, 
n G N* and W n> x the set defined by (|22"j). Since W C {— M < «i - u 2 } we get 
C {\u\ I < 2n} fl {|u 2 | < 2ri} n {|ui — u 2 | < max(M, If)} and therefore 

-/ \Dui - Du 2 \ p dx < - / ri , , iDid - L>u 2 | p dx. 

n J u " n J {|«i|<n, |u 2 |<n} 



n{|ni-n2|<max(M,_fC)} 
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In both cases (p < 2 and p > 2), the strong monotonicity of the operator a, 
Holder inequalities together with (fTUl) (with ip = 1) and (|24j) allow us to prove 
that for all K > 

lim -f - Du 2 | p dx = 0. 

tn+oon _/ {|«i|<n, |« 2 |<n} 

n{|ui-«2|<max(M,if)} 

It follows that the conditions of Theorem [S] are satisfied and then u\ = ui- □ 

Remark 8. In Theorem [5l assuming a to be strongly monotone, if condition 
(|14|) is satisfied for K = only (and not for every K > 0), then u\ = «2- In- 
deed, in this case {TO}, ([II]) and flM]) imply that lim n ^ +00 \ Jn Ml _ U2 \ <K y \Du\ - 
Du 2 \ p dx = \/K > and then flU} is satisfied for all K > 0. 

Acknowledgments: The author thanks F. Murat for interesting discussions and 
remarks regarding this paper. 

REFERENCES 

[1] P. Benilan, L. Boccardo, T. Gallouet, R. Gariepy, M. Pierre, and J.L. Vazquez. An L 1 - 

theory of existence and uniqueness of solutions of nonlinear elliptic equations. Ann. Scuola 

Norm. Sup. Pisa, 22:241-273, 1995. 
[2] L. Boccardo. Problemi differenziali ellittici e parabolici con dati misure. Boll. Un. Mat. 

Ital. A (7), 11(2):439-461, 1997. 
[3] L. Boccardo and T. Gallouet. On some nonlinear elliptic and parabolic equations involving 

measure data. J. Fund. Anal, 87:149-169, 1989. 
[4] L. Boccardo, T. Gallouet, and L. Orsina. Existence and uniqueness of entropy solutions 

for nonlinear elliptic equations with measure data. Ann. Inst. H. Poincare Anal. Non 

Lmeaire, 13(5):539-551, 1996. 
[5] G. Dal Maso, F. Murat, L. Orsina, and A. Prignet. Renormalized solutions of elliptic 

equations with general measure data. C. R. Acad. Sci. Paris Ser. I Math., 325(5):481- 

486, 1997. 

[6] G. Dal Maso, F. Murat, L. Orsina, and A. Prignet. Definition and existence of renormal- 
ized solutions for elliptic equations with general measure data. Ann. Scuola Norm. Sup. 
Pisa CI. Sci. (4), 28:741-808, 1999. 

[7] A. DalPaglio. Approximated solutions of equations with L data, application to the H- 
convergence of parabolic quasi-linear equations. Ann. Mat. Pura Appi, (170):207-240, 
1996. 

[8] G. Dolzmann, N. Hungerbiihler, and S. Miiller. Uniqueness and maximal regularity for 
nonlinear systems of n-laplace type with measure valued right hand side. Preprint 20, 
Max-Plack-Institiit fur Mathematik in dem Naturewissenschaften, Leipzig, 1998. 
[9] J. Droniou and T. Gallouet. A uniqueness result for quasilinear elliptic equations with 
measures as data, (to appear in Rendiconti di Matematica). 

[10] M. Fukushima, K. Sato, and S. Taniguchi. On the closable parts of pre-Dirichlet forms 
and the fine supports of underlying measures. Osaka J. Math., 28(3):517-535, 1991. 

[11] L. Greco, T. Iwaniec, and C. Sbordone. Inverting the p-harmonic operator. Manuscripta 
Math., 92(2):249-258, 1997. 

[12] J. Heinonen, T. Kilpelainen, and O. Martio. Nonlinear potential theory of degenerate 
elliptic equations. Oxford University Press, 1993. 

[13] P.-L. Lions and F. Murat. Solutions renormalisees d'equations elliptiques. (in prepara- 
tion) . 



10 



O. GUIBE 



[14] F. Murat. Soluciones renormalizadas de EDP elipticas non lineales. Cours a l'Universite 

de Seville et Rapport R93023, Laboratoire d'Analyse Numerique, Paris VI, 1993. 
[15] F. Murat. Equations elliptiques non lineaires avec second membre L 1 ou mesure. In 

Compte Rendus du 26eme Congres d'Analyse Numerique, les Karellis, 1994. 
[16] J. Serrin. Pathological solutions of elliptic differential equations. Ann. Scuola Norm. Sup. 

Pisa CI. Set, 18:385-387, 1964. 
[17] G. Stampacchia. Le probleme de Dirichlet pour les equations elliptiques du second ordre 

a coefficients discontinus. Ann. Inst. Fourier (Grenoble), 15:189-258, 1965. 



